Chapter 4

Physical Continuum Models

Physical continuum models of elasticity etc. are well-known in computer vision
and computer graphics, where they have been used for many years to track and
model non-rigid shapes. Although they seldom have been actual models of the
physical phenomena and rather have been used to regularize problems, they have
enjoyed great succes.

Because of the emphasis on the regularization effect, these models have often
been used without much understanding of their limitations and relationships.
But, in recent years, and in particular in the core fields of this thesis - registration
and simulation - attention has begun to turn towards understanding rather than
blind use of the models.

In medical image registration, some of the first work on non-rigid regis-
tration used linear elastic models [Baj89, Chr94]. Christensen et al. illus-
trated in [Chr94b, Chr94c] that for large deformations, the invalid assump-
tion of linearity of the elasticity operator, can cause changes in the topology
of the images. Christensen et al. solved this problem by applying models of
fluids [Chr94b, Chr94c] or hyperelasticity (Rabbitt et al. [Rab95]) which can
handle large deformations.

This chapter presents a coherent description of the elastic and viscous fluid
continuum models of deformation used in the thesis. By using a consistent
notation, it is shown how elastic and fluid transformations are closely related to
each other. The assumptions used in different practical models are described,
and the relationship to previous work is shown.

4.1 Introduction

The continuum models, that are presented in this chapter, can all be described
by the sequential relationship between the four factors: Displacement, strain,
stress and force (see figure 4.1). By displacement we understand the movement
of particles in the continuum. This movement changes the configuration of
small volume element, and we measure this using strain tensors (in practice 3x3
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Figure 4.1: Relationship between physical entities.

matrices). Using the strain tensors, we can express the elongation, shear etc. of
the volume elements.

Forces are similar to displacements, in that they are applied to particles of
the continuum. To measure their effect on volume elements we use the stress
tensor.

Forces and displacements can be seen as external factors that can be ob-
served. Strain and stress are internal mathematical tools to measure the effects
of displacements and forces respectively.

The relationship between stress and strain is what determines the actual
physical behaviour of the continuum. We study this relationship closer in the
sections on elastic and viscous fluid motion, where different models are pre-
sented. Although these models have very different practical behaviours, they
all satisfy the basic assumptions of continuum mechanics: conservation of mass,
force, and momentum.

Indeed, an interesting aspect of this chapter is that the actual physical mod-
els are introduced rather late. This illustrates the fact that elastic and viscous
fluid models have a common theoretical basis.

Non-linearities occur both between displacement and strain, and strain and
stress'. Solving the general problems of elasticity and viscous fluid mechanics
can, therefore, be quite difficult. To simplify it, some models assume linear
relationships. These simplifications are basicly truncated Taylor series, and
only valid for small changes in the variables.

We say that a model is a small displacement/small strain model for com-
pletely linear displacement/stress relationships. When only the strain/stress

!Forces are not always constant and can contribute to the non-linearity of the problem.
For the simplicity of the presentation we ignore that in this chapter.
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relation is linear we say that the model is a large displacement/small strain
model, etc.

4.2 Mathematical preliminaries

This section presents the mathematical conventions used in this and later chap-
ters.

For sets, the plus operator is defined as working on non-overlapping sets and
yielding the union of the sets:

A+B=AUB, AnB=1 (4.1)

Vectors and matrices are written with bold letters. Lower case signifies
vectors (eg. v) and upper case matrices (eg. M). In general, the subelements
of vectors and matrices are denoted v; and M;; respectively. In addition, for
positions in space we use & = [z,y, z]T.

The zero vector and zero matrix are defined as o and O respectively.

Let 0f/0z be the partial derivative of the function f. We define:

_of

fcci =0;f = O, (42)
The gradient operator V is defined as:
a a9 91"
= |0, 0, = 4.
[833’83;’82} (43)

Used with a scalar function f it yields the gradient vector of the function:

V= fo fy £ (4.4)
With vectors we override the V as:

Vu = (V)
81u1 82u1 83u1-|
= [uz,uy,uz] = 6111,2 82U2 63U2 (45)
[ 6111,3 82U3 63U3 J

The divergence of a vector is implemented using V as:
V-u=divu = VTU, = O1u1 + Orus + O3u3 = tI"(VU,) (46)
and for matrices as:

V-M

divM = (VIm)T
{ O1 M1 + G2 Moy + 05 M3 -|

01 My + 02 Moo + 03 M3 (4.7
L 01 M13 + 02 Ma3 + O3 M33 J
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Figure 4.2: Deformation of the body Q.

With V we understand the gradient operator wrt. the Eulerian reference
frame (introduced later):

~ o 0 0
The derivative wrt. the matrix M is defined as:
oW oW
R 4.
oxt = ot (49)

The determinant of a matrix M is denoted:
|M| = detM (4.10)
The cofactor matric Cof M of the matrix M is:
Cof M = |[M|M~ " (4.11)

In general we treat tensors as matrices in this text. We do not distinquish
between co-variant and contra-variant tensors, although this is abuse of nota-
tion. Since we only consider the cartesian coordinate system here, there is no
need for this distinction.

4.3 Continuum models

The continuum model, which we present in this section, is the common basis for
the elastic and viscous fluid models generally found in the literature and used
here.

Part of the notation is superfluous, and some equations are trivial for es-
pecially elastic models. But, it is through this insight, that the text attempts
to provide an understanding of the commonality of the basic set of notations,
equations and axioms.
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X+u=X

Figure 4.3: Definition of displacement.

The presentation builds mostly on [Cia87] for notation and results on elas-
ticity, and on [Car86] for results on fluid mechanics. Rigid proofs are not given
here and the reader should consult these texts for additional information.

4.3.1 Definitions

For generality, let us consider the body to be deformed as:
Q = Closure(Q) (4.12)

where Q is an open connected subset of R*. We call Q the reference configura-
tion.

By a deformation we will understand a smooth, injective and orientation
preserving mapping ¢ [Cia87] that displaces the particle & = [z}, x4, iL’3]T to

p(x,t) =z + u(x,t) = (x,t) (4.13)

where u(x,t) = [ug,us, Ug]T is the displacement of particle x at time . We call
Q = () the deformed configuration.

Lagrangian and Eulerian reference frames

An alternative formulation of equation 4.13 is:

I

T = G(@t) = @@ 1) =& — (@) (4.14)
In this case, the displacement has been parametrized in terms of the deformed
variable .

There is an important distinction between the two approaches: In equa-
tion 4.13 particles are tracked using their original position as the independent
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variable. This parametrization is mostly used in elasticity and is called the
Lagrangian reference frame. In fluid mechanics, tracking particles using their
original position & can be cumbersome for very large deformations. Instead the
current position & is used as in equation 4.14. This parametrization is called
the Fulerian reference frame. We use a tilde (7) to denote entities parametrized
using this reference frame. A particle & in the Eulerian reference frame at time
t, originated from position = @(&,t) at time to.

Note, that displacements and velocities are physical entities and independent
of the reference frame:

I
8

)

u(z,t) = )

t) (4.15)

S

(

In the Lagrangian reference frame the velocities are calculated directly using:

Op(x,t) {: Gi(w,t)] _ ou(x,t)
ot ot ot

v(x,t) =

v(x,t) =

(4.16)

But, in the Eulerian reference frame the coordinate system depends on the time
variable, and a full derivative has to be used:

d
O(Z,t) = —u(Z 4.1
(&,0) = (@1 (417)
With the chain rule we find:
d i i %
4@, =2 Ju)  0m (4.18)
dt ot (j,t) P 8331 (fi:,t) ot (T ,t)
Using equation 4.16 we write this as:
d 7 —
—u(x,t) = ou + Va(z,t) o(z,t) (4.19)
dt ot (&)

which is called the material derivative of @ in the Eulerian reference frame.
Let us now consider the integral:

f= | gdi (4.20)
Q)
for the arbitrary function g. We take the material derivative of this integral:

df d .
Y4 (421

and transform it to the reference configuration (dZ = |V (z)|dx):

d d
d 7= — v 4.22
at g dE i Q(9| p(x)|) de ( )
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In this case, since the volume of integration is independent of the time variable
t, the derivative can be brought inside the integration sign.

i Jhoda= [ Gve@) de (4.23)

dt J§)
Using the result that 0|Ve(x)|/0t = (V -v)|Ve(z)| [Car86] and transforming
back to the deformed configuration:

d - dg ~ | .
7 diw_/ﬁ{a—kgv-v]dw (4.24)

Or using the material derivative equation:

%/ﬁg di = /Q [% +V- (gii)} di (4.25)

This is the formal statement of the transport theorem.

The material derivative and the transport theorem describe how simple vari-
ables and integrals can be differentiated wrt. time in the Eulerian reference
frame.

4.3.2 Strain

To measure the local deformation we introduce the deformation gradient:

51901 52901 53901
Vo =[p,,p,0.] =| O1p2 Oapa zipa (4.26)
O1pz  Oapz O3

Since the deformation is orientation preserving by definition, the determinant
of the deformation should satisfy the condition:

[Vo(z,t)] >0, Ve e (4.27)

[Vo(x,t)| is the Jacobian of the transformation and commonly denoted J in
the literature.
We also express the deformation gradient in terms of the displacement gra-
dient Vu:
Vo=I+Vu (4.28)

Using the deformation gradient, we define the right Cauchy-Green strain
tensor’:
C=Vel've (4.29)

C is symmetric and positive definite because Vg is invertible (V| > 0).
The strain tensor is supposed to be a measure of the pure deformation of
the domain, and independent of rigid transformations. To investigate whether

2In differential geometry, this is also known as the metric tensor
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this is the case, we assume that the deformation ¢ can be split into a non-rigid
(uq) and rigid (R,t) part:

p(@) = R(x +uq)+t, Re Q? (4.30)

where ® is the set of rotation matrices, ie. orthonormal matrices of size 3 with
determinant +1. The deformation gradient becomes:

Ve(x) = RV (x 4+ ug) = R(I + Vuy) = RVp,(x) (4.31)
Which also follows from the polar factorization theorem ([Cia87], theorem 3.2-
2).
We can now calculate the strain tensor C"
C = Vp(@)'Ve(z) = (RVp,(2))" RVe,(z)
= Veu(@)"R"TRVyp,(z)
— V(@) Ve,(@) = Cq (4.32)
Thus the strain tensor C'is independent of the rigid component. For completely

rigid motion the strain tensor is the identity matrix, C = I.
Another well-known strain tensor is the Green-St. Venant strain tensor:

1
E=3(C-I= Vul + Vu + Vul Vu (4.33)

The subtraction of I ensures that this tensor is zero for rigid transformations,
and it can, therefore, be seen as a measure of the pure deformation. The factor
% has been introduced for historical reasons.

In general, a number of different strain tensors exist. There is no "best’
strain tensor, and they can all be derived from each other.

The velocity can be analyzed in a similar fashion. The spatial velocity gra-
dient is defined as:

L(xz,p) = Vo(z) (4.34)

The symmetric part of L is called the rate of strain tensor:

D= %(L + LY (4.35)

4.3.3 Forces

We assume that in the deformed configuration Q with the boundary T' = 99,
two kinds of forces are applied to the body:

Applied body forces which work on the interior of the body:
f: Q- R (4.36)

where f is the density of the applied body force per unit volume in the
deformed configuration.

3 Also known as the Almansi or Green-Lagrange strain tensor
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Applied surface forces which work on the boundary of the domain:
G:T) - R® (4.37)

where g is the density of the applied surface forces per unit surface area
in the deformed configuration, and T’y is a subset of the full boundary
[ = [y + I'y. Fixed displacements are applied to the other part of the
boundary (To).

We note that these forces are given in the Eulerian reference frame. Since

f(x)dx = f(£)dZ and dE = |Vy(x)|dz using the Jacobian, we have that:

F(z) = |Veo(x)| f(2) (4.38)
A similar relation exists for the surface forces [Cia87]:
9(z) = |Ve(@)| IVe () nl §(2) (4.39)
and the mass density
plx) = [Ve()| p(Z) (4.40)

4.3.4 Equations of motion for a continuum

The elastic and viscous fluid continuum models all satisfy the basic physical
axioms of balance of mass, and linear and angular momentum. We discuss
these axioms and their implications in general terms in this section. The next
section will introduce model specific considerations.

Conservation of mass

The axiom of conservation of mass, means that the total mass of the body is
constant. Constant mass also implies that for an arbitrary volume V' C Q we
can write:

%/Vﬁ(fé,t) dE =0 (4.41)

where p is the density in the deformed configuration.
Setting g = p in the transport theorem (4.25) we get:

/V [% +V- (ﬁﬁ)} di = 0 (4.42)

Since the volume V is an arbitrary subset of the domain, we can extract the
integrand as the continuity equation:

0p = -

a—f + V- (8) =0 (4.43)

For incompressible continua, p is constant, and:

V- 9=0 (4.44)
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Stress tensor - conservation of momentum

In this section we consider a small volume element. From the axioms of local
balance of linear momentum and balance of angular moment it follows according
to the Cauchy theorem [Cia87], that for each volume element of the body, there
exists a vector field £(&,7) and a symmetric tensor field T(Z), such that:

t(z,n) =T(T)n (4.45)

where 7 is the unit outer normal to the surface of the volume element. t and
T are called the Cauchy stress vector and Cauchy stress tensor respectively. At
the boundary of the domain #(&,7) = §(&).

The axiom of global conservation of linear momentum can be written for an
arbitrary subset V C Q as:

ﬁﬁdw—/ f(& da:+/ t(%,n)da (4.46)

where f is the force working on a volume element in the interior of the body.
Using Gauss’s divergence theorem, the transport theorem and the continuity
equation, we rewrite this as:

Jo?

After collecting terms and using the material derivative equation:

ov
ot

+ (Vo) ]dw—/f da:+/V T(&)d& (4.47)

A - -
/ { 32— f(&) - (j)] di =0 (4.48)
dt
Since this has to hold for any sub-volume of the continuum, the integrand must

be independently zero and we find the momentum equation:

~dv
Pt

=f@)+V-T (4.49)

Summary

In this section we have derived the general equations of motion for a continuum:

ﬁ% = f@)+V-T@&), ¢ Q (4.50)
§g@& = T@mn, #eT (4.51)

Together with the formulas for displacement, velocity and strain these equations
form a general set of equations for continuum models. In the next section specific
models will be introduced linking stress to strain. This linkage is what defines
the actual physical characteristics of the continuum.
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We note that equations 4.50-4.51 have similar formulations in the Lagrangian
reference frame. We associate with T' the non-symmetric first Piola-Kirchoff
stress tensor T':

T(z) = |V(2)|T(&)(Ve(x)) " = T(&)Cofp () (4.52)

The main advantage of this choice is the simple relationship between the diver-
gences of both tensors:

V -T(x)=|Ve(@)|V - -T(&) (4.53)
thus giving equation 4.50 in the Lagrangian reference frame as:

Vel =| oG = @)+ ¥ T() (454)

One can also transform the Cauchy stress vector £ into a vector in such a way
that:
t(x,n) =T(zx)n (4.55)

where n is the normal vector of the undeformed subdomain. It follows, using
equation 4.39, that t(x,n) = g(x) on I'; and we can write equation 4.51 in the
Lagrangian reference frame as:

glz)=T(x)n, x€ I} (4.56)

In some cases a symmetric stress tensor is desirable. We, therefore, define the
second Piola-Kirchhoff stress tensor by:

Y(x) = Vo(z) ' T(x) (4.57)

For elastic motion, equation 4.54 corresponds to harmonic motion. A damp-

ing factor c”il—qt‘ is often added to give the equation for damped harmonic motion*:

d*u du
Pz + = flx)+V - -T(x) (4.58)
For static elastic deformation, the motion equation is rewritten as:
o=f(x)+V -T(x) (4.59)

The time derivatives are all zero because there is no temporal change.

4.4 FElastic continuum models

An elastic material is characterized by a deterministic relationship between
stress and strain which is independent of any history.

4The equation for damped harmonic motion is often called the Lagrangian equation of
motion
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The stress/strain relationship of a general class of elastic materials can be
described using the concept of stored energy. These materials are called hyper-
elastic materials, and the stored energy function W completely determines the
stress/strain relation by:

S, @) = Vela) T() = 2 (,¢) (4.60)
where F is the Green-St. Venant strain tensor (4.33).

Although these hyperelastic materials do not cover all elastic material mod-
els, they form a general class of materials which covers most practical material
models.

The potential strain energy for the body ) can be written using the stored
energy function as:

Estrain(®) = /QW(m;‘P)dw (4.61)

For isotropic and homogeneous materials the stored energy function is com-
pletely characterized by the socalled principal invariants of the right Cauchy-
Green strain tensor C. These invariants appear as the coefficients in the charac-
teristic polynomial |C — AI|, and are written in terms of the right Cauchy-Green
and Green-St. Venant strain tensors as:

11 = trC = 3+2trE
1 = L{trC)?/trC?| = 3+ 4trE + 2[(trE)? — trE”] (4.62)
i o= |C] = |2E +1

Using these invariants the stored energy function for the general hyperelastic
material can be formulated as an infinite series:

W= Z Crst(Ll — 3)T(L2 — 3)S(L3 — ].)t, 0000 =0 (463)

rst=0

It is interesting to note, that the third invariant measures the volume change
of an infinitesimal volume element. For incompressible materials this invariant
must be trivially 1. An often used approach to enforce the incompressibility
constraint, is to introduce a Lagrange multiplier A which then works as an
internal pressure, forcing the material to find an incompressed equilibrium state.
The incompressible version of the stored energy can be written as:

W= Cltn—=3)(12=3)°+ s — 1), Cf,=0 (4.64)

rs=0

In the next sections the Mooney-Rivlin and St. Venant Kirchhoff material mod-
els are introduced. The Mooney-Rivlin material model is a completely non-linear
model in both the stress/strain and the displacement/strain relationships. The
St. Venant Kirchhoff material model is linear in the stress/strain relationship,
but non-linear in strain/displacement. Because it is the simplest of the non-
linear hyperelastic material models, it is often used. More popular, though, is
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the linearized version, where the strain/displacement relationship is made linear
by the assumption of infinitesimal displacements. This linearized version of the
St. Venant Kirchhoff model is also known as linear elasticity or Hooke’s Law.

4.4.1 Mooney-Rivlin materials

The compressible Mooney-Rivlin material model is described by the approxima-
tion to the general stored energy function by:

W ClOO(Ll — 3) + 0010(1,2 — 3) + F(\/ |L3|) (465)
[(§) = c0*—dlogd, c,d>0

The I'function ensures that large volume changes are accompanied by infinite
stress.
The incompressible version ignores the third element and can be written as:

W = 0100(51 — 3) + 0010(L2 — 3), |L3| =1 (466)

The Mooney-Rivlin material model has been used in surgery simulation and
for general modeling of human tissue, eg. [Sag94, Beg88].

4.4.2 St. Venant Kirchhoff materials

For Cst = 0 except for

A+2
Croo = p Caoo = 3 B Gy = —g (4.67)
we get the St. Venant Kirchhoff material model:
A 2 2
W = —(trE)* + ptrE (4.68)

2

where p and A are the Lamé material constants.
Note, that this material model has a linear stress/strain relationship, since:

oW
Y=—=AtrE)I +2uFE 4.69
5 = MBI + 2 (469)
and that the volume change measured by t3 does not play any role.
The St. Venant Kirchhoff material has been used in computer graphics (eg.
Terzopoulos [Ter88]).

4.4.3 Linear elastic materials

Linear elasticity is with no doubt the most well-known of the elastic models.
It has the remarkable property, that it is completely linear in terms of the
force/displacement relationship. Systems derived from the linear elastic op-
erator are, consequently, easy to solve compared to the other elastic models
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which in general are non-linear. Unfortunately, the assumption leading to the
linerization of the St. Venant Kirchhoff material model is seldom satisfied.
The basic assumption is that the non-linear Green-St. Venant strain tensor:

1 1
E=2(C-I)=[Vu' + Vu+ Vu'Vul (4.70)

can be approximated by the linearized strain tensor
1 T
E = §[Vu + Vu] (4.71)

This is only valid for infinitesimal displacements, since in that case the quadratic
term VuT Vu disappears.

Using the linearized Green-St. Venant strain tensor we can write the stored
energy function for the linear approximation of the St. Venant Kirchhoff material
model as:

A A .
W, = E(trEl)z + utrE7 (4.72)

The linear elastic material model is popularly known as Hooke’s Law.
To follow the ”engineering” notation often used with linear elasticity, we
introduce the engineering strain vector €:

€= [uz,vy,wz,uy+vm,uz+wx,vz+wy]T (4.73)

The linearized strain tensor can be written as:

1
E, = i[VuT + V]

Uy Luy + v %[uz +w,]

= | g +od] v, T, +w,] (4.74)
Slu: +w,] 3o +wy] we

We note that:
trE; = [111000]e = h'e
2 TH; 111 T
trE] = € Diag 111555 e=¢€ He (4.75)

We can thus rewrite the linearized St. Venant Kirchhoff stored energy function
as:

A . ‘
W= E(trEl)Z + ptrE7
A ‘
= E(hTe)2 + pel He
1
= Z€e'\nhT + puH]e

1
= ieTMe = §€T0' (4.76)
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where o = M€ is the engineering stress vector and M is the material matriz:

A+20 A A 0 0 0
A A+2u A 0 0 0
o7 A A A+22 0 0 0
M =Xhh" +uH = | ¢ 0 0 20 0 (4.77)
0 0 0 0 u 0
0 0 0 0 0 u

To those familiar with linear elasticity, the stored energy function might be more
recognizable, when written using the actual partial derivatives:

3 3
A .
w! = Z Z 3 (05u;) (8juj) + % (8Juz + 8iuj)z (4.78)
i=1 j=1
The governing partial differential equation (PDE) for static linear elastic defor-
mation is formulated using equation 4.69:

o = f(z)+V- -T(x) (4.79)
= f(®)+pAu(@) + (p+)V(V -u(x))

where A = V'V is the Laplacian operator.

The linear elastic material model has been used in both computer graphics
(eg. [Gou89, Pie92, BN96¢]), and image processing (eg. [Baj89, Mil93]).

Two other well-known linear material models are the Laplacian or membrane
model:

Wi’nembrune = Z (6iui)2 (480)
i=1

0 = f(@)+Au@)

and the biharmonic or thin-plate model:
’ 2
Wéhin—plate = Z Z (612371/1) (4.81)
i=1 j=1
0 = f(z)+ A%u(x)
The membrane model can be seen as a simplification of the linear elastic model,
where the cross-directional effects due to V(V - u(x)) are ignored.

These models have been used extensively in image processing and computer
vision, both alone (eg. [Boo89]) and together (eg. [Kas88, Coh89]).

4.5 Viscous fluid continuum models

In contrast to elastic models the strain in fluid models is history dependent.
Elastic models are characterized by spatial smoothing of the displacement field.
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Fluid models, on the other hand, are characterized by spatial smoothing of the
velocity field. In practice, this means that any displacement can be obtained
given enough time because the internal stresses in the fluid disappear temporar-
ily.

The fluid model used in this thesis is defined by the viscous fluid Navier-
Stokes equations, which we derive below.

As a first step, the viscous and pressure contributions to the stress tensor
are written explicitly: o

T=V —-pl (4.82)

where V is the reduced stress tensor representing the viscous effects, and p is
the pressure.

The basic assumption of the Navier-Stokes equations is based on Stokes
hypothesis. This hypothesis states that V is a function of the deformation rate

2

~ = =T
tensor D = %(L + L ) which is the symmetric part of the spatial velocity
gradient L (equation 4.34). The relation is:

V =2uD+ XV -9)I (4.83)
Inserting this into the momentum equation gives:
dv - < ~ =S -
ﬁd—'t’ =F—Vp+ulAi+ A+ p)V(V-5) (4.84)

~ ~T ~
where A = V' V is the Laplacian®.

For very low Reynold’s number ¢ flow, a simplified model is obtained when
we ignore the pressure gradient Vp and the inertial term ﬁ% [Chr94c]:

0=f+pAd+ A+ )V (V- 3) (4.85)

Surprisingly, this is actually the linear elasticity PDE (equation 4.80), where
the displacement u has been replaced by the velocity ©. This similarity is used
extensively to transfer results from linear elasticity to the solution of the viscous
fluid problem.

4.6 Eigen-function parametrization of the linear
elastic operator

In this section we focus on the linear operator associated with linear elasticity:
Lu = pAu(z) + (p+ A)V(V - u(x)) (4.86)

Following the approach of Miller, Christensen, et al. [Chr94, Chr94c, Mil93], we
reparametrize the linear elasticity operator using the eigen-functions and eigen-
values for a specific case of boundary conditions. Since mapping the boundary

5The p and \ parameters are not the same as those used for linear elastic transformations.
We use the same notation anyway for simplicity
6The Reynold’s number is a measure of the ’velocity’ or complexity of the fluid motion.
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onto the boundary is important later in this work, the sliding boundary condi-
tions are chosen. They are defined for the [0,1]> domain (the unit cube) using
the Dirichlet boundary conditions:

U1(0,$2,$3) - U2(£L'1,0,$3) = U3($1,$2,0) =0 (487)

up(l,9,23) = wua(x1,1,23) = uz(w1,22,1) =0

and Neumann boundary conditions:

Ou - ou =0 (4.88)
02 |y 0,23) 02 |y 1,23
our - Ou —0
651']3 ($17.’,U270) 651']3 ($17.’,U271)
Ouz - Ow — 0
01 |0 a9 a3 01 |(1 gy a3
Ouz _ duw ~0
651']3 ($17.’,U270) 651']3 ($17.’,U271)
Ouz _ Ous ~0
8:1:2 (071’2,.'1}'3) 6:1:2 (17.’,U27ZU3)
Oug - Ou — 0
03 |1y 0,23) 03 |y 1 23)

The sliding boundary conditions map the unit cube onto the unit cube, in such
a way that boundary points are allowed to slide along the boundary.

With these boundary conditions the eigen-functions and eigen-values have
been derived by Miller, Christensen, et al. [Mil93, Chr94, Chr94c]. See [Chr94c]
for the complete derivation. To simplify the equations a set of help functions
are first defined:

scc(x) = sin(imzy)cos(jmas) cos(kmxs) (4.89)
csc(x) = cos(imxy)sin(jmas) cos(kmxs)
ces(x) = cos(imzy) cos(jmas) sin(knzs)

With these definitions the orthogonal eigen-functions are given as:

[ isce(x)
Gijr(x) = ai| jesc(x) -| (4.90)
| kces(x) J
[ —jsce(x) -|
¢ijk2(w) = ay | icsc(x)
o]

ik scc(x) '|
¢ijlc3(w) = a3 | jkcsc(x)

| —(* + j?) ces(x) J
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The eigen-values corresponding to the eigen-functions are:
Kt = = (2u+ N (@ + 57 + k) (4.91)
Kijke = Kigks = —mp(i® + % + k)

For i = j = k = 0 the «; are zero, otherwise they are chosen to ensure that

the eigen-functions are normalized, ie. the inner product of each eigen-function
with itself is one:

< Bijtom> Pijkom > = /Q ¢g;km¢ijkmdw =1 (4.92)
For i + j + k > 0 this is obtained when:
8
= SR - 4.93
“ \/Fijk(iz + 5%+ k) (493
8
(65) =

Lijr (2 + 52)

8
“o= \/rijk(i2+j2>(i2+j2+k2)

where
1 if none of 7,5,k are zero

Lij =< 2 if one of 4,5,k are zero (4.94)
4 if two of 4,5,k are zero

The function I" was not included in the work of Miller, Christensen, et al. [Chr94c],
but in the non-general cases, where one or more of the 7, j, k parameters are zero,
it cannot be omitted.

Using the orthonormal eigen-function basis we write the displacement field

as:
I J

K 3
u(z) = IJIIi(IgOO Z Z Z Z Vijkr @ijrr (T) (4.95)

=0 j=0 k=0 r=1
where v;j1, are the eigen-function coefficients for the displacement field.

The number of basis functions in the decomposition of the displacement field
is determined by I, J and K. The finite truncation of the series to the common
N is denoted by:

N 3
un(z) = Z Z Vijkr ®ijrr (T) (4.96)
i,j,k=0 r=1
We now apply the linear operator £ to the displacement field:
Lun(x) = LY VijgrBijpr (@) = Y Vijrr LDy, () (4.97)
ijkr ijkr

Z VijkrKijkr Dijhr ()

ijkr

where we used the linearity of the operator.
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4.6.1 Projection of forces onto the eigen-function basis
Let us consider the static elastic deformation equation using linear elasticity:
Lu(x)+ f(x) =0 (4.98)

where f is the applied force field. Using the truncated decomposition in equa-
tion 4.97 we rewrite this as:

Z Vijkr“ijkrd)ijkr (:13) + f((l)) =0 (499)

ijkr

We take the inner product < a,b >= [ a”bdz of the equation with ¢,,,,,,(z)
and get:

D Vijkrbijr < @i (@), P (@) >+ < F(@), P (T) > = 0
ijkr

VimnsKimns T < .f(w)a ¢lmns(w) >=o0

Vimns =
Kimns
where the fact, that < @;;1,.(T), @pps(T) > is zero for (ijkr) # (Imns), was
used to pick out the Imns element of the summation, in the step from line 1 to
line 2. We call equation 4.100 the decomposition projection equation.

This result is interesting, since it provides us with a simple way of deter-
mining the coefficients for the eigen-function decomposition of the displacement
field given a force f. Indeed the eigen-basis coefficients are simply the projec-
tion by the inner product of the force onto the eigen-functions, scaled by the
inverse of the eigen-values.

4.6.2 2D eigen-function basis

For completeness we also give the eigen-functions and eigen-values for the 2D
version of the linear elastic operator:

Lu = pAu(z) + (1 + A)V(V -u(x)) (4.101)

With the sliding boundary conditions on the domain [0, 1]%:

(5% (0, 232) = U (231 5 0) =0 (4102)
U1(1;$2) = U2(CU1; 1) =0
Ouy - ou =0 (4.103)
022z, 0) 02 | (g, 1)
Ous Ous
i — —_Z =0
91 | (9,15 01 |(1,49)
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the eigen-functions are:

binle) = | )

j es(x)
_ —j sc(x)
¢ij2(w) = 2 [ i cs(z) }
where
sc(x) = sin(imw) cos(jnxs)
cs(x) = cos(inzy)sin(jnzs)

The eigen-values corresponding to the eigen-functions are:

Rij1 = —7T2(2/l,+)\)(7;2+j2)
kip = =1 p(@® +5°)

For i+ = j = 0 the «; are all zero, otherwise they are given by:

4
L = = m
1
Ly = irijo

4.7 Summary

(4.104)

(4.105)

(4.106)

(4.107)

(4.108)

This chapter has presented the joint theoretical basis of elastic and viscous fluid
models. A comprehensive understanding of this theory is necessary to take full
advantage of the continuum models and to avoid the pitfalls created by the

many assumptions used in the field.

The following chapters all build on this theory, and thus refer to this chapter

repeatedly.



